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 Rotation of the monument 
to George Inglis (erected in 
1850 at Chatak, India) was 
observed by Oldham (1899) 
after the 1897 Great 
Shillong earthquake of 
1897.  

Horizontal, Vertical and Rotational Components 
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Oscillation directions of transducers within an accelerograph 
in three-dimensional space 

A horizontal pendulum is sensitive to the acceleration of translational motion, 
tilt, angular acceleration, and cross axis excitations.  

2
1 1 1 1 1 1 1 2 3 1 2 12y D y y x g l xω ω ψ ψ θ+ + = − + − +&&&& & && &&

2
3 3 3 3 3 3 3 1 3 2 32y D y y x l xω ω ψ θ+ + = − − −&&&& & && &&

Tri-axial Seismometer Response to Ground Shaking  

DIF. Eq. of small oscillations of horizontal pendulum motion : 

Vertical pendulum is much less sensitive to tilts  
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Important Remarks 
Analysis of the equation of motion of horizontal and 
vertical pendulums has shown that horizontal sensors 
are sensitive not only to translational motion but also 
to tilts. In contrast to horizontal sensors, vertical 
sensors don’t have these limitations, since they are 
much less sensitive to tilts. 
Ignoring tilt sensitivity may produce unreliable results, 
especially in residual displacement and long-period 
calculations.  
In general, only six-component systems measuring 
rotations and accelerations, or three-component 
systems similar to systems used in inertial navigation 
assuring purely translational motion of 
accelerometers can be used to calculate residual 
displacements. 
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Tilt Recovering Procedure 
 

1.  Calculation of the smoothed Fourier spectra of the vertical 
and horizontal components (uncorrected-record). 

2.  Calculation of the ratio of the horizontal-to-vertical Fourier 
spectra. 

3.  Choosing the characteristic frequency. At frequencies 
lower than the characteristic one, the horizontal 
component’s spectrum is several times higher than the 
vertical.  

4.  The horizontal component of acceleration is filtered using 
a filter with previously determined characteristic 
frequency. The applied filter of low frequencies (FLF) is 
filtering out all frequencies higher than characteristic 
frequency. Assumption is made that the filtered signal is 
proportional to tilt. 
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Example Case: Pacoima Dam – Upper Left Abutment 
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1994 Northridge, California Earthquake
Pacoima Dam - Upper Left Abutment
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The residual tilt of 3.50 

in N400E direction measured  

using electronic level few  

days after the earthquake by  

CSMIP (Shakal et al, 1994). 
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1994 Northridge, California Earthquake, Pacoima Dam - Upper Left AbutmentResidual tilt extracted from the strong-
motion record at the Pacoima Dam – Upper 
Left Abutment reached 3.10 (0.054 rad) in 
N450E direction. It was a result of local 
earthquake induced tilting due to high 
amplitude shaking (not source generated).  
 
This value is in agreement with the residual 
tilt of 3.50 in N400E direction measured using 
electronic level few days after the 
earthquake by CSMIP (Shakal et al, 1994).  
 
 
Tilting velocity is estimated to reach about 15 
deg/sec (0.26 rad/sec). 
 

Extracted Rotational Component 
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Highlights !!! 
Even for small oscillations, pendulum is sensitive 
to the translational acceleration, angular 
acceleration, cross-axis motion and tilt.  

 
A method of tilt estimate, based on a difference in 
tilt sensitivity of vertical and horizontal pendulum, 
allows estimating relatively large amplitudes of 
tilting 

  
Results of tilt estimates, using existing strong-
motion records, demonstrate the importance of 
independent measurements of rotations during 
earthquake shaking.  
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      The ratio of the 
geometric stiffness term to 
initial stiffness yields the 
well-known stability 
coefficient:  

Classical Eq. of motion formulation for SDOF 
oscillator 

gmu cu ku mu+ + = −&& & &&

0/Gk kθ =

Geometric Stiffness Term:  
kg = mg/l  

Effective period of the structure, 
T, accounting for P-D effects, 
reads:  

   0 / 1T T θ= −
0( )G gmu cu k k u mu+ + − = −&& & &&
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Re-formulation for coupled translational and tilt 
excitations  

F m lα α= &&

When a SDOF oscillator with a concentrated mass and height (l) is subjected to base 
rotation only, the oscillator mass is influenced by the inertial force (Fa) due to the 
angular acceleration: 

(a) SDOF oscillator subjected to coupled tilt and translational ground 
motion; (b) Equivalent fixed-base system.  
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g g gmu cu ku mu mg mg m lφ α α+ + = − + + + &&&& & &&

0( )G g g gmu cu k k u mu mg m lα α+ + − = − + + &&&& & &&

The corresponding dynamic equilibrium  
equation of this physical system can be written as  

 
                 By representing the P-D component due to f in kG: 

This expression is theoretically complete to solve the translational response of a SDOF oscillator when it 
is concurrently subjected to translational and tilting excitations.  

Final Equation of Motion for Coupled 
Translational and Rotational Excitations 
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Impacts of Vertical Excitation on Secondary 
Moments (P-Delta) 
We defined the geometric stiffness term as kG = g/l for unit mass system. 
Coupling of vertical excitation with translational component of motion carries 
geometric stiffness term from static state into dynamic.  

( )g
G

g z
k

l
−

′ =
&&

w  kG’ fluctuates during transient analysis around the static 
geometric stiffness term (g/l), while its deviation from kG depends 
on the relative amplitude of vertical excitation () with respect to 
the gravitational constant.  

 
w  Therefore overall stiffness of an elastic SDOF oscillator (i.e., k0 – 

kG’ ) becomes time-variant. It is therefore not possible to have a 
constant period oscillator in the elastic domain when the effects 
of vertical excitation are considered.  
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Re-formulation for coupled horizontal, vertical, angular 
accelerations and tilt 
Under coupled vertical and translational motions, the equation of motion of a 
SDOF oscillator yields the following form  

0[ ]G gmu cu k k u mu′+ + − = −&& & &&

0[ ] ( )G g g g gmu cu k k u mu m g z m lα α′+ + − = − + − + &&&& & && &&
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Hysteretic Behavior and Dynamic Instability  

Based on the geometry shown in Fig. 9 and using negative post-yield slope, 
it is possible to approximate the onset of dynamic collapse as  1

collapse yu u κ
κ θ
−=
−
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Case study: Single Column Bridge Bent 

(a) Single column of a bridge bent; (b) Design parameters; (c) Idealized SDOF system.  
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Comparisons of Results 

In the example shown (Case-3), vertical pulses are in-phase with gravity therefore they 
tend to reduce the overall system stiffness by magnifying the geometric stiffness term.  
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Phasing Effects of Vertical Motion 
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Coupling of Three-Components 

Inclusion of tilt motion during the response analysis results in noticeable asymmetric deformation 
compared to previous cases (Case-1 thru 4). One of the consequences of asymmetric deformation is the 
large relative displacement and resultant higher ductility demand. The maximum ductility created by the 
coupled motions extends to 9.1, while it remains only 3.63 when the tilt effects are excluded. Therefore, 
for tall systems, tilt component (if it reaches few degrees) has more pronounced impact than vertical 
motion  
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Column Plastic Rotation Demand  

1.50 m 

9.00 m 

Column plastic rotation demands imposed by 
translational motion (Case-1), coupled 

translational and vertical (Case-3) and coupled 
translational, vertical and tilt (Case-5)  

 
(Note: Dashed lines indicate permissible plastic 

rotation constraint by the design).  
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Case-1 satisfies the design criteria 
by producing peak plastic rotation 
not exceeding but close to 0.02 
radians. This design limit is 
exceeded in Case-3 by amount of 
20 percent, whereas Case-5 exerts 
large influence on drift demand by 
pushing the system to almost 8 
percent plastic rotation. 
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Multi-Component Ground 
Motion Response Spectra 
 

Constant-ductility inelastic 
response spectra for 
acceleration, velocity and 
displacement  
 
(Trans: Translational 
motion only w/o P-D; 
M.Comp.: Multi-
component excitations with 
P-D).  
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Proposed spectrum reflects kinematic 
characteristics of the ground motion that are 
not identifiable by the conventional spectrum 
itself. 
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Soil-Structure Interaction 
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Summary of major findings 
If the direction of dominant vertical pulses is in-phase with gravity, they 
may diminish the overall stiffness of system by increasing the 
contribution of geometric stiffness term. The associated enhanced P-D 
effects may create negative tangent stiffness in the post-yield 
deformation range by offsetting the effects of kinematic strain hardening. 
Hence, the bias towards increasing displacements in one direction 
becomes increasingly larger. This may create important practical 
consequences, such as dynamic instability (or collapse) can be initiated if 
the energy of multi-component excitations is large enough to carry the 
system inelastically in one direction.  

If the major pulses in vertical component are out-of-phase with respect to 
gravity, they act conversely and tend to minimize the destabilizing force. 
Same applies for tilt component: depending upon its phase difference 
with respect to horizontal motion, it may either remediate the system by 
offsetting the plastic rotations and reducing the overall inertia force, or it 
may act inline with horizontal motion and amplify the total inertia force. 
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Inclusion of vertical excitation modifies the geometric stiffness term 
which becomes time-variant. The instantaneous changes in geometric 
stiffness term create progressive modifications in overall stiffness. The 
intensity of these time-variant changes on force-deformation slope 
depends on the amplitude of vertical acceleration pulses. If the intensity 
of vertical acceleration pulses is large enough, the oscillator period may 
show noticeable variations. Under this circumstance, it is not possible to 
retain a constant period oscillation. Thus, linear-elastic oscillator may act 
as a nonlinear-elastic oscillator.  

 
Compared to vertical component, tilt component of motion has more 
impact on translational response of the system. Few degrees of dynamic 
ground tilting can easily double the overall system response. This 
difference will be more dramatic for tall structures since the inertia force 
due to angular acceleration is directly proportional to the effective height.  

The governing equation of motion considering multi-component 
excitation is derived based on equivalent-fixed-base oscillator, hence it 
provides directly the relative drift associated with the exact deformation. 
This interpretation provides ease in its implementation in computational 
frames.  

Summary of major findings (cont.) 
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Thank You… 

Questions 


